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EIGENFUNCTIONS OF THE LAPLACIAN
ACTING ON DEGREE ZERO BUNDLES
OVER SPECIAL RIEMANN SURFACES

MARCO MATONE

ABSTRACT. We find an infinite set of eigenfunctions for the Laplacian with
respect to a flat metric with conical singularities and acting on degree zero
bundles over special Riemann surfaces of genus greater than one. These special
surfaces correspond to Riemann period matrices satisfying a set of equations
which lead to a number theoretical problem. It turns out that these surfaces
precisely correspond to branched covering of the torus. This reflects in a
Jacobian with a particular kind of complex multiplication.

1. INTRODUCTION

The problem of constructing a set of eigenfunctions of the Laplacian acting on
degree zero bundles over Riemann surfaces was considered in [1]. The corresponding
metric is given by the modulo square of a particular holomorphic one-differential
Wn,m- It was also shown in [I] that eigenvalues with a nontrivial dependence on the
complex structure may be obtained as solutions of the equation

(1.1) Wn! ;m! = CWn m-
This equation is equivalent to
h h
(1.2) m;—ZijTL%:E mj—Zijnk , j=1,...,h,
k=1 k=1
where m;, n;, m;, n; are integers. In this paper we find a set of solutions of such

an equation. The general problem involved in (II) concerns the properties of the
Riemann period matrix and its number theoretical structure. We will call special
Riemann surfaces those with a Riemann period matrix satisfying (2.

2. PRIMITIVE DIFFERENTIALS AND SCALAR PRODUCTS

In this section, after fixing the notation, we introduce an infinite set of holo-
morphic one-differentials (we shall call them primitive differentials) which can be
considered as the building blocks for our investigation. These differentials have
been previously introduced in [I]. Next, we consider scalar products defined in
terms of monodromy factors associated to the primitive differentials. By Riemann
bilinear relations we generalize a result in [I] obtaining a relation between scalar
product, monodromy factors and surface integrals. These aspects are reminiscent of
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the well-known relations between area, Fuchsian dilatations and Laplacian spectra
which arise for example in the framework of the Selberg trace formula.

2.1. Notation and definitions. Let ¥ be a compact Riemann surface of genus
h > 1 and let ag,...,an,B1,-..,0n be a symplectic basis of the first homology
group Hy(X,Z), that is, with intersection matrix

o o))

where I is the h x h identity matrix. Let wy,...,wp be the basis of the C vector
space of holomorphic one-differentials with the standard normalization

The Riemann period matrix is defined by

(2.3) 2 ij{ o

J

By means of the Riemann bilinear relations [2]

(2.4) /ij/\wk— (7{( w]%lwk—% wkjilwg),

it follows that €;; = Qj; and det Q(2) > 0, where Q,(Cl] = RQ; and Q,(z) = 3 Q.
We shall denote elements in Hy(X,Z) by

(25) Tp,q =p-a+q-f, (Q7p) €Z2h7
in particular

(2.6) j{pﬂwié(pkikaqujikw)

and

z2+p,q z
(2.7) / w i/ w +7{ w,
20 20 Tp.q

where zg € X, z € ¥ and w is an arbitrary meromorphic one-differential.

2.2. Primitive differentials. Let us consider the set () C H!(X) of all nonzero
real, harmonic one-forms on ¥ which are integral, i.e. such that

(2.8) ]{a €Z, v e H(%,Z).

Note that K(X) is a lattice in the 2h real vector space H1(X). Let us consider the
set of holomorphic one-differentials

(2.9) HE) ={w =mi(a+i"a)|a € LX)},

where * denotes the conjugation operator whose action on a one-form n = u(z)dz +
v(z)dz is *n = —iu(z)dz + iv(z)dz. Note that @« = Sw/7 and *a = —iRw/.
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The elements of H(X) correspond to the following primitive differentials [1]:

(210) Wn,m = Z Cn,m;kWk,
where
h 1
2.11 Cnom:k =T m; — i (Q(z)_ ) , n,m) € Z*",
( ) ;mik jz:; ( J Z: l l]) ik ( )

k=1,...,h. Let us set
(2.12) Frum(2) = el

where zg is fixed on ¥ and z € ¥. Note that the monodromy of f, ,, takes real
values, that is,

(2.13) (n,mlq,p) €R,  (q,p) € Z°",
where
(2.14)
h h
. Wn,m zZ+
(n,mlg, p) = ebra o = ﬂ”}(i(%q =exp [ Y+ Y aeki)enms
m j=1 k=1
For later use we define the coefficients
(215) ij = mkékj - nkﬁk]‘,
so that
h -1
(216) Cnym;k = T Z D;llm(Q(z) )lk'
jl=1

2.3. Monodromy and scalar products. Let us define the scalar product

(2.17) <mmmmif nm, (nymsq,p) € .

By ([2II) we have
h
1 _
(218) <<nam|q p =7 Z <pj + Z(Iz Zj) (Q(Q) )jk <mk - Zlenl> y
Jk=1 =1

s

which has the properties

(2.19)  ({n,mlq,p)) = ({(=q,p| — n,m)) = ({n,m|q,p)) — 2iw(p-n+q-m),
so that

(2.20) S ((n,mlq,p)) = S {(m,n|p,q)).
Furthermore
(2.21)
h
((n,m|q, p)) ! {n,m[3,0)){(0, jlg, p)) + {(n, m[0, 7)){(j,0lq, p))) ,

T 2mi
J=1
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where j = (1, 02;,... ,0n;). By ZI3) and [2.19) it follows that
(222)  (nmlg,p) = el = SO = (g, p| ).

Note that by (ZI9) the scalar product

(2.23) (n,m|g,p) =N Wn,m = RN ((n,m| —q,p)) = =N ((n,m|q, —p))

Tp,—a

has the symmetry property

(2.24) {n,m|q, p) = (q,p|n, m)
and
(2.25) (n,m|q,p) = {({(n,m| —q,p)) —ir(p-n—gq-m).
Furthermore, by (ZI8) and (ZI9)
(2.26)
h . h
<n7m|qap>:7r Z [(p] Z %Q(l)> ( 2) )jk(mk - Z Q;P”l) + (I]Q(Q)
Jk=1 =1

Positivity of Q) implies that

(2.27) (n,m|n,m) >0,

and (n,m|n,m) = 0 iff |n,m) = |0,0). Observe that by (2.28) it follows that
(2.28) (n,m|n,m) = ((n,m| —n,m)).

(n,m|g,p) can be expressed in terms of the coefficients ¢y, mx only:

h
(n,mlg,p) = rt Z (an,mmgﬁ)aq,p;k+bq,p;j9ﬁ)bn,m;k)
jk=1
h
(2:29) = 77 Y ((nml0, )08 (0. kla,p) + 427 me )
J,k=1

where ay ik = R ik and by ke = S Cpomyk, that is,

h h
1
(2.30)  anmk = WZ (mj — Zle(jl)> (9(2) )jk, bp,mik = TNk,
j=1 =1

k=1,...,h, (n,m) € Z*". Finally, we note that in deriving (229) we used the

relation wy, m, = ZZ=1 ( o wn,m) wy, that is,

(231) Cnom;k = ?{ Wn,m = <<nam|07i€>>a An,m;k = <n7m|0a ]%>
ag
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2.4. Duality, surface integrals and monodromy. Let us set
(2.32) Pl =R Z A xn-

We consider the problem of finding the structure of the coefficients d mx Such that

(2.33) §o=9 o
Vp.q m,n

(n,m;q,p) € Z*". This equation implies that

(2.34)
h
dilkk_z:(my‘FZ”lQ ) yk—z<lmy+zn19 ) k-HanGlm
J=1 J=1 I=1

with E”,F”7 Gj real symmetric matrices not depending on (n,m). Note that the

condition dn mik = dn mak — 2N is equivalent to Fjr = 0,Gjr = md;i. We now
set

(2.35) 2, =R Z d2)

and consider the condition

(2.36) §od=f
Y m,—n

That is,
(2.37)

h h h

:Z <mj—ZnZQl(;)> jk—|—2 <Zm]+zle ) jk+Zanle

=1 =1 =1
In this case the conditions
(2.38) d? L =d®  —omin,,  Ep=n (Q@)*l) .

jk

give dn mik = Cnymiks that is,
(2.39) pg)m = Rwp m.

Thus ¢p,m;, can be fixed by imposing either the singlevaluedness of exp & [ *wnm
(213), or the duality condition (Z38). The same can be said of (2.24) satisfied by
R wn,m, together with (2Z38)).

We will see that positivity and symmetry of (-|-) are at the basis of the fact that
the monodromy of f, ,, under a shift of z around ,,,—, is proportional to the area
of the metric |wy, m|?. This metric defines a Laplacian of which (fmm/fn’m)k, kez,
are eigenfunctions. These aspects are reminiscent of the well-known relationships
between hyperbolic dilatations and eigenvalues of the Poincaré Laplacian.
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By the Riemann bilinear relations we have

h
[ n@a =3 ({00010, Tar 030 ~ Taspl0. 77 1. 0))

j=1
h
(2'40) = ' (((n,m|0,j>>((—j,0| _Q7p>> - <<nam|j7 0>><<07j| _Q7p>>)a
where (ZT9) has been used. By (ZZ1]) and ([2:25) we obtain

(2.41)

1 _ .
3 / Wnam NBqp = m((n,m| = q,p)) = wln,mlq,p) +in*(p-n—q-m),
pX

so that the monodromy of f;, ,, corresponds to a surface integral, that is,

(2.42) Fum (2 + p,—q) = €77 e Tartonmn f L (2),
By (219), (ZZ0) and (Z40) the surface integrals [, wy m AWy, have the properties
(2.43) / Wrom N Wgp = / Wyp NTnm +472(p-n—q-m)
b b
and
i _ 1 _
(2.44) R} 3 /an,m NWgp =S 3 /Zwm,n A Wp.q-
The above structure suggests introducing the holomorphic one-differentials
h
-1
(2.45) i) =7y (227) wiz), =l
J
k=1
(2.46)

h h
. -1 )
77§2)(Z) - WZ [Zéﬂ - E ,Qﬁ) (9(2) )kl] wi(2), Jj=1...,h
=1 k=1

By @10) and @17 it follows that
h
(2.47) Wn,m = Z(mwg) + nw;(f)%
k=1
moreover
(2.48) S ]{ =0 9 f{ M = o,
af ﬁk
2.49 R 77(-2) = 70k, R 77(2) =0,
J J J
A Bk
7, k=1,...,h. Let us set
(2.50) W zew [ =12
zo
k=1,...,h. The expression of f,,, in terms of g,(cj) has the simple form
h
mg ngk
(2.51) Fom =L ot” 0"

k=1
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Furthermore, since 77,&2) = - E?Zl Qg;n;, it follows that
h prm h nm
(2.52) Fam(z) = H gj(?)(z) T eliw=t DTG 0
J.k=1

where the coefficients D} have been defined in (Z.15).

3. EIGENFUNCTIONS

Let a be an element of K(X) and let w = mi(o + i*a) be the corresponding
holomorphic differential in H(X). Let g be the metric on ¥ given by the line
element

(3.1) dsg = |w].
In local coordinates, if w = h(z)dz, then
(3.2) dsg = |h(z)dz|?.

Thus ¢ defines a flat metric on ¥ with conical singularities at the 2h — 2 zeroes
of w. For an account on the geodesic dynamics of such surfaces, see for example
[3]. Let Ay be the corresponding Laplacian acting on degree zero bundles. In local
coordinates,

(3.3) Ay = —|h(z)|720,0:.
Theorem 1. If k € Z and F}, is the single-valued function
(3.4) Fr(z) = 2™ e,

then

(3.5) A Fy, = kK> Fy.

Proof. Immediate.
Let us define the single-valued functions

(3.6) S (N L Sy

s
n,m

Note that the functions Fj, correspond to hﬁ,m for some integer vectors n and m.
For k € Z\{0} we have

(3.7) / Wi,m A Wnm exp k </ Wnm —/ wn,m> =0,
Y

which follows from the fact that the integrand is a total derivative. Since F, = F, Py L
it follows that the Fj satisfy the orthonormality relation

(3.8) /EdMFij = 0k,
where
(3.9) dp = N

T rwAw
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3.1. Multivaluedness, area and eigenvalues. The area of 3 with respect to
the metric ds® = |wy, ,,|? is given by

(3.10)
. 2 _ _
Apm = i/wn,m/\wmm = g<n,m|n,m> = 7T7(m—n-Q) .03 't (m—n-Q).
)

The multivaluedness of f, , is related to A, ,,. In particular, winding around the
cycle vp,—m = —m - a+n- 3, we have

2An,m

(3-11) Pn,—mfn,m(z) =e 7 fn,m(z) = e—(n,m\n,m)fn,m(z),
where P, ;, is the winding operator
(3.12) Pap9(2) = 9(z + Vp,q)-

Comparing (3.11) with (B35 we get the following relationship connecting dilatations
and eigenvalues:

P fom(2)
fn,m (Z)

Thus we can express the action of the Laplacian on hﬁ’m = (fmm/?n’m)k in terms
of the winding operator acting on f, . This relationship between eigenvalues
and multivaluedness is reminiscent of a similar relation arising between geodesic
lengths (Fuchsian dilatations) and eigenvalues of the Poincaré Laplacian (Selberg
trace formula). This is not a surprise. Actually, in the previous sections we have
reproduced in the higher genus case some of the structures arising in the case of the
torus. In particular, we considered the points ¢y m,;r for which the imaginary part
of ) Cnomik ﬁ/m takes values in 7Z. This is reminiscent of the Poisson summation

(3.13) A = —7log

formula.

3.2. Genus one. Let us denote by 7 the Riemann period matrix in the case of the
torus. We set 7(1) = R7 and 7® = 7. For h = 1 we have

(3.14) Wn,om = CnymW,

with w = w; the unique holomorphic one-differential on the torus such that fa w =
1. By ZI1) we have
(m —nT)

(3.15) Crm = T———>, (n,m) € Z*.
’ 7'(2)
The functions
(3.16) g = eCnm J7 @0 Cnm[Tw (g ) € 72,
coincide with the well-known eigenfunctions of the Laplacian A = —20,0;
(3.17) Ahpm = Anmhnm, (n,m) € Z?,
where
. 9 5 (m —n1)(m — n7)
(3.18) An,m = 2|cnm|” =27 5
7(2)
Under modular transformations of 7 the eigenvalues transform in the following way:

1
(3.19) A (T+1) = Aym—n(T),  Anm (—;) = |TPA_mn(7).
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The results in the previous sections show that the eigenvalues can be generated by
winding around the homology cycles, namely

R fv Wn.m

m,—n

(n, m|n, m) _or

(3.20) Anm = 21—y s

In other words, by acting with the winding operator we recover the full spectrum.

. . -1 . . . .
We now prove modular invariance of 7()" “det” A without computing it (the prime
indicates omission of the zero mode of A). First of all note that

(3.21) finm(T) = TP Ny (1), (n,m) € Z2,
which correspond to the eigenvalues of the Laplacian A’ = 7)) A satisfy

(3.22) Hoy(nym) (Y T) = By (T),

where v(n,m) = (7, m) with

(1))

b
(3.24) ;2T < . b

et +d’
By 22) we have fiy(,m)(T) = pin,m(y~" - 7), that is, any pinm, and therefore

An,m, can be obtained from a given eigenvalue by modular transformations. The
determinants of A and A’ are related by

(3.25) det’ A" = det’ (7®)det’ A = 7 et (7)) det’ A,

where we used the fact that cdet’ ¢ = det ¢, ¢ € C. Since det 7 can be regularized
by standard techniques, e.g. by the (-function regularization method, to a finite
T-independent constant, we have

det’ A
(3.26) % = const H Ponm = const H T(Q)An,m.
(n,m)eZ?\{0,0} (n,m)eZ?\{0,0}

Modular invariance of 7~ 'det’ A now follows by (3.22)), namely

(3.27) H T(Q)An,m(T) = H N (Y- T)s

(n,m)€z>\{0,0} YEPSL(2,Z)

where N, M are arbitrary integers not simultaneously vanishing. It follows that
det’ A can be expressed as the product of all modular transformations acting on an
arbitrary eigenvalue

(3.28) det’ A = const 7@ H N m (Y - T).
~EPSL(2,Z)

Note that modular invariance of 7®~det’ A essentially implies that @7 det’ A
= 7@ n(1)|*, where () is the Dedekind n-function.
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4. SPECIAL RIEMANN SURFACES

In general there are other eigenfunctions besides hfl,m, k € N. For example, when

all the 2m;’s and 2n;’s are integer multiple of an integer IV, then the eigenfunctions
include kY .. k € N whose eigenvalue is 24, ,k* /N2

More generally one should investigate whether the period matrix has some non-
trivial number theoretical structure. To see this we first note the trivial fact that
since for h = 1 the space of holomorphic one-differentials is one-dimensional, it fol-
lows that the ratio between wy, », and wy, n is always a constant. This allows one
to construct the infinite set of eigenvalues labelled by two integers (n,m) € Z%. In
the case h > 2 the ratio wy, m/wp/ m is in general not a constant. This is the reason
why we considered the eigenfunctions of the kind hﬁ’m with fixed (n,m) € Z?".
However there are other interesting possibilities. For example, if, besides «, *« is
also integral, then for ki, ko € Z, the single valued function

(4.1) Friko = o2 2 (krotke )
* 1,~R2

satisfies

(4.2) Ay Fiy iy = (k§ + k3) Fry gy

Note that since kya + ka*a = 2iS (k1 — ik2)w], it follows that integrality of both
a and *a is a particular case of a more general one.

Theorem 2. If the holomorphic one-differentials wy, m and wy ym satisfy the equa-
tion

(4.3) Wt m (2) = cwnm(2),

with both (n,m) and (n',m’) in Z*" and c € C\Q, then the single valued function
(4.4) Bty = €47 mm = onm gk e C\Q, ke€Q,

satisfies

(4.5) Agron B s = AePit

where

(4.6) Ae = 245 m|c|?

and

h & h a5
My = 3y Qikm MG~ D By
(4.7) c= y— = e — , G,j=1,... h.
mi =D gy Qiwne My — 3o Qe
Proof. It is immediate to check (EH). The only point is to find the expression
of ¢. This follows by the observation that since the holomorphic one-differentials

w1, ... ,wp are linearly independent, ([@3)) is equivalent to
h h
(48) m}—Zijnk—E<mj—Zijnk> 5 j:]., ,h.
k=1 k=1

Note that to each (n,m) and (n’,m’) satisfying ([&F]) there is a possible value of
¢ =c(n,m;n',m').

Thus we can reproduce in higher genus the basic structure (BI6)-(BIJ) consid-
ered in the torus case and then find eigenvalues with a nontrivial dependence on
the complex structure.
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The problem of finding the possible (in general complex) solutions of (3] is
strictly related to the number theoretical properties of €.
Observe that

(49) Agn’,m’ hn,m - Ac/hn,mv
where

Ao Ay
4.10 N\ =4
(4.10) "

We will call special the Riemann surfaces admitting solutions of (&) with non-
rational values of ¢. Since a change in the sign of ¢ is equivalent to a change sign of
either (m,n) or (m’,n’), in the following, without loss of generality, we will assume
that

(4.11) Sée> 0.

4.1. The solution space. Equation (@3] has solutions if there are integers (n,m)
and (n/,m’) such that the period matrix satisfies the h — 1 consistency conditions

h h
(4.12) my = > pq SQakny _ m; =D k=1 gy, ij=1 h
mi — Yoy Quknk My — gy Qi

Thus, for (n,m) € Z*" fixed, the Laplacian Agn.m has eigenvalues

/ b Q! 2
Mg — D Sk
o —
mi — > g Qiknk
where S,, 1, (§2) denotes the solution space

(4.14) Snm(Q) = {(n',m) ‘wn/,m/ = CWn,m, (n',m') € Z%} )

(4.13) Ae =240 m , (n',m’) € Sp.m(2),

For a given Q the space S, ., () may contain other points besides (kn, km), k € Z.
To investigate the structure of such a space we should understand the nature of
the Riemann surfaces whose period matrix satisfies [.8)). To this end we note that
(EY) has been suggested in order to reproduce in higher genus the basic structure
(BI10)-(BI8) considered in the torus case. So, we should expect a Riemann surface
strictly related to the torus geometry. Remarkably, this is in fact the case, as we
have the following

Theorem 3. The Riemann surfaces with period matrices satisfying [S) corre-
spond to branched covering of the torus.

Proof. First of all note that by (8] it follows that the function

(4.15) w(z) = /w

where & = (én — n') - w, has monodromy

(4.16) f{ w=-p-n'—qg-m'+e(p-n+q-m),
Yp.aq

implying that w is a holomorphic map from ¥ to the torus with period matrix ¢.
Vice versa, if w is a holomorphic map of a branched covering of the torus to the
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torus itself, then w(z +vpq) = w(z) +p- N +q-M' +7(p- N +q- M), for some
integer vectors M, N, M’, N’, and by the Riemann bilinear relations
h
(4.17) 0= / wi Adw = Mj, +7Mg = Y (N} + 7N;)Q, k=1,...,h,
j=1
which is ﬁ@) with 7 = ¢ (see [] for explicit constructions of branched covering of
the toru

Remark 1. Equation (C2), derived in [I] (see (5.18) and (5.23) there), has been
subsequently and independently derived in [5] by studying the null compactification
of type-IIA-string perturbation theory at finite temperature. In [5] an equivalent
proof of Theorem 3 is also provided.

4.2. Metric induced by the covering. By means of the map w from ¥ to the
torus with period matrix sign (3 (¢))¢ we can construct an infinite set of eigenfunc-
tions for the Laplacian A = —2|@|720,0; on ¥ defined with respect to the metric
|0|2. These eigenfunctions are

(418) hn,m = e fza}_zn'mﬁ; (717 m) S Z27

corresponding to the eigenvalues

(m — en)(m —¢n)

(4.19) Mum = 2|enm|? = 272 . :
c(2)

where

(m — nc) 2
(420) Cn,m = WT, (n,m) S/
The proof is a direct consequence of the relation A = —2|&|720,0; = —20,,0,.

Let us set
h
. -=m ?’L
(1) SO p S
k=1 k=

By (@) and the Poisson summation formula, we have

[e e}
—n 71—4

(4.22) > e*”Q”g = D, Z j=1,...,h.

n=—oo J n=—o0

4.3. Genus 2. Before considering (fIZ) for arbitrary genus, it is instructive to
investigate the h = 2 case. Since ;; = 2;; we have
m’l - Qun’l — ngné m’2 - ngn’l — QQQn/Q

4.23 = .
( ) my — Quing — Qiane mo — Q12ng — Qagng

Thus the problem is the following: given €17 and Q2 find all the integers (n, m;
n’,m’) € Z8 such that (@23 is satisfied. The solution of this problem depends on
structure of €.

We consider period matrices satisfying the relation

(4.24)
N- N. N. Ce .
Qoo = = 2QIQ+N_3; (N1, N2, N3, Ny) € Z*, Ny #0,
4 4 4

11 am grateful to the anonymous referce for suggesting [4].
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that is,

Qll Q12
4.2 Qij = ,
( 5) J (ng ngll +N2912 +N3>

where N; = Ni/N4, i=1,2,3. Positivity of QE?) implies the following condition on
Nl ; N2; N?):
2
(4.26) off (M + V0 + Ns) > 0
With the position [@24)), equation (Z3) becomes

(4.27)
m) — Quny — Quony  mh — Nanh — Qi1 Ning — Qia(n) + Nons)

my — Qung — Qiang ma — Nang — Q11 Ning — Qi2(ng + Nang)'

We will look for solutions of this equation of the form

(4.28)  mg — Nang — Q11 N1ng — Qi2(nyg + Nang) = N [mq1 — Quing — Quigngl,
(4.29) m'2 — Ngné — QllNl’l’L/Q — ng(n'l + N2n/2) =N [m’l — anll — ngné] s
with N € Q. Since (n,m;n’,m’) € Z8, the general solutions not depending on Q1;
and Q19 are

(430) mg — N3ng = Nmq, nj+ Nong = Nna, Ning = Nnq,

(4.31) mfh — Nyny, = Nm), n}+ Nany, = Nn), Niny,= Nnj.

Note that each solution of (f30) defines a metric g"™™ whereas the solutions of

E3T) give, by (@I3), the eigenvalues A of Agn.m.
The compatibility condition for ([E3T) constrains N to be

N+ /NZFAN,

= 5 .

Since N € Q and N; € Z/N4, 1=1,2,3, we have

(4.33)  Ni=MN,+ M2,  Me {k €Q ’(k‘Ng Tk e Z/N4} .

Equation (30) has a double set of solutions. In the case N = Ny = N + M, we
have

(4.32) Ne

n N3n
(4.34) nQ:Ml, mQ:(Ng—i—M)ml—i—%, (n1,mq) € T,
where
k N3k
4. T = (k,j) € Z2|[ =, (No+ M)j + == | € 72 }.
( 35) (7])6 Mﬂ( 2+ )]+ M €
In the second case N = N_ = —M, so that
(4.36)
ny N3nq _
ng Ny + M’ ma mi Ny + M (n1,mq) € )
where
k Nsk
4. ro) =2k, j)eZ? || ——— Mj+—-—)ecZ?}.
(4.37) {(,J)e N Mit N o) €

Note that given Ny, Ny and N3 we found that Ny = M N, + M? and either N =
No + M or —M. Therefore it is natural to choose M, Ny and N3 to parametrize
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22. Note also that by ({24) and (433)) it follows that M and —Ny— M correspond
to the same value of Qos.

Given M, Nao, N3, Ny there are two sets of Laplacians parametrized by points in
I'®). Let (ny,m1) be a point in I') and (ng, ms) given by (£34)). The first set of
eigenvalues is

|Mm/, — n (MQq1 4 Q12)]?

(438) )\ng) = 2An,m 20
|Mm1 — N1 (MQH —+ ng)|
where
, ny , , . Nanj I (+)
(4.39) ny=gp M2 = (Ng + M)mj + TR (nj,my) e TV,

Let (n1,m1) be a point in ') and (ng,mz) given by ([36). The second set of
eigenvalues is

|(Ny + M) m), — 0, [(Ny + M) Qy; — Qi5])?

(4.40) A7) =24, :
‘ (N + MYmy —ny [(No + M) Q1 — Q)]
where
I
N.
(4.41) né:_Ngnﬁ’ mQ:—Mml—ﬁ, (n},m}) e 7).

These eigenvalues have a structure which is similar to the structure of the ones of
the Laplacian on the torus.

4.4. Higher genus. We now consider the higher genus case. By ([£.12)) we have
h h
(442) m; — Z Qiknk = Nij <mj - Z ijnk> y
k=1 k=1

h h
(443) m; - Z Qlkn; = Nij <m; - Z ijTL;) y
k=1 k=1

i,7=1,...,h. Equation (E242) gives the constraint on the structure of the metric
g™™. Note that
(4.44) NijNjy, = Nigg,  i,5=1,...,h,
in particular, N;; = Nﬁl. The matrix N;; is determined by A — 1 elements. For
example, since N;; = N;3 Nyij = Nl_ilNlj, in terms of Nis, ..., N1, we have
1 N12 N13 A Nlh

Ny 1 NisNg' ... NNy
(4.45) Nig = . : : : : '

N NN NN 1

which has vanishing determinant.

Since € is symmetric, it follows that in each one of the h — 1 equations (£42) (or
(E23)) there is always one, and only one, matrix element appearing in both sides.
In other words, both sides of ([@42) contain Q;; = ;. Therefore, it is natural to
consider period matrices of the form

h
(446) Q” = Z Ni@lel + Mij’ N'L'I;l € Qv Mij S Qa NZJJ = O;
k,l=1
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and then, for each pair 4, j, to substitute it in the equation involving INV;;. This
allows us to transform, for each i,j, (£42) and (Z43) in equations containing all
the matrices elements but €2;; on both sides. Note that the symmetry of €;; implies
that Ni@l is symmetric in ¢, j and k, ! separately and M;; = Mj;. By (40) we have

that (£.42) and ([£.43]) become

h
(447)  Nymj —mi+ > {(n; —niNig) (NE' Qi + M)
k=1
+Qu [0 (= d15m5) — 05k (ny — 0imi) Nz} = 0,

h
(4.48)  Nymf —mj+ > {(n) = njNi;) (NE'Qu + M)
k=1
+Qu [Si (g — i) — &j(ng — duni)Nig] } =0,

1,7 =1,...,h. We do not investigate the conditions following from ([#42) and ([43)
further, rather we shortly consider the period matrices satisfying the conditions

(4.49)
h

Qix = ZNilk,ijl + My, N, €Q My €Q, ijk=1,...,h
1=1
Substituting €% in the left-hand side of ({42) and (@43)) these transform in sim-
plified equations, as now they involve matrix elements with the same value of the

first index.
Substituting ;; in the RHS of (L49) with EZL:1 N Qum + Mj;, we have

jl,n
(4.50)
h h
Qik:ZN’ilk,j (Z ;?,nQnm—’—Mjl) +Mik7 i7jak7n:17"' 7h'
=1 m=1
Comparing ({.49) with (£50) one obtains a set of equations that, once one makes the

additional requirement that the terms involving the period matrix cancel separately,
become

h
(4.51) > NL NG, =N, i kmn=1,...h,
=1
h
(4.52) > N My =0, ijk=1,... h
=1

4.5. Special Riemann surfaces and complex multiplication. We now show
that special Riemann surfaces have a Jacobian with complex multiplication (CM)E
First note that in terms of
h h
(453) Vi = mg — Z ijnj, ’U; = m; — Z ijn;,
j=1 j=1

2Jacobian with CM have been recently considered in the framework of rational CFT [6].



3004 MARCO MATONE

(ET12) reads

(4.54) vjvy, — vpv; = 0, Vi, k,
which is equivalent to
(4.55) ONQ+ QM — MQ — M’ =0,
where ~ denotes the transpose and
(4.56)
Nji = njny, — njn;, My, = mjny, —myn'j, M}y, = mimy, —mym,.

On the other hand, a Jacobian is said to admit complex multiplication if there exist
integer matrices N, M, M’ and N’ such that

(4.57) QM +NQ)=M' +N'Q,
that is,
(4.58) QONQ+ QM — N'Q - M' = 0.

Comparing with ({.55), we see that the Jacobians of special Riemann surfaces admit
a particular kind of CM. According to Theorem 3 this CM is the one of a Jacobian
corresponding to a branched covering of the torus.
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